In this note, we employ the techniques of Swan (Pac J Math 12(3): [1099][1100][1101][1102][1103][1104][1105][1106] 1962) with the purpose of studying the parity of the number of the irreducible factors of the penatomial X n + X 3s + X 2s + X s + 1 ∈ F 2 [X ], where s is even and n > 3s. Our results imply that if n ≡ ±1 (mod 8), then the polynomial in question is reducible.
Introduction
Let F 2 n be the extension of degree n of F 2 , the binary field. This field has numerous applications in practical areas, like cryptography or coding theory. The most common way to represent such fields is to utilize a polynomial basis, in which case an irreducible polynomial of degree n over F 2 is required. In particular, there are obvious computational advantages in choosing low-weight polynomials, that is polynomials with as few non-zero coefficients as possible. Namely, it is advised, see [7] , to favor trinomials or pentanomials. It is then natural to study the irreducibility (or equivalently the lack of it) of binary trinomials and pentanomials. We refer the interested reader to [9, Section 3.3] and [10, Chapter 3] and the references therein.
The interest for studying pentanomials was renewed as a result of the computational advantages that certain families of pentanomials bear [2, 11, 12] . More specifically, the usage of the pentanomial X n + X n−s + X n−2s + X n−3s + 1 ∈ F 2 [X ], B Giorgos Kapetanakis gnkapet@gmail.com where s < n/3, has been proposed. In particular, several authors [11, 15] have proved the computational advantages that the usage of such polynomials (known as class 2 pentanomials), as the corresponding Mastrovito multipliers have low complexity. On the other hand, the number of irreducible polynomials within the family of class 2 pentanomials has been observed to be abnormally small, see [11, Remark 4] . In this work, we study class 2 pentanomials, when s is even and we prove the following.
, with s even and n > 3s. If n ≡ ±1 (mod 8), then f and g are reducible.
In particular, our results explain the small number of irreducible polynomials within the family of class 2 pentanomials, as a large numbers of representatives of this family are a priori reducible.
Our method is based on Swan's [13] techniques, who studied the parity of the number of irreducible factors of binary trinomials and proved the theorem below.
has an even number of factors (and hence is reducible) in the following cases. 1. n is even, k is odd, n = 2k and nk/2 ≡ 0 or 1 (mod 4). 2. n is odd, k is even, k 2n and n ≡ ±3 (mod 8). 3. n is odd, k is even, k | 2n and n ≡ ±1 (mod 8).
In all other cases X n + X k + 1 has an odd number of factors over F 2 .
The above has been extended by several authors [3] [4] [5] [6] . In addition, several results are known for trinomials [6] , tetranomials [5] and certain families of binary pentanomials [1, 8] .
We conclude this note with some observations about the distribution of the binary irreducible polynomials of the form X n + X n−s + X n−2s + X n−3s + 1, when s is even and n is small.
Preliminaries
The discriminant of the monic polynomial F over an integral domain is defined as
where α 1 , . . . , α n are the roots of F counted with multiplicity and deg(F) = n. By using standard properties of the discriminant, see [5] , one can show the following alternative formula for D(F). Lemma 2.1 Let F be as above, with derivative F and the additional assumption that its constant term is equal to 1. Further, let H (X ) := n F(X ) − X F (X ). Then
The result follows after observing that
and that (−1) n α 1 · · · α n = 1.
Towards the proof of 1.2, Swan's main tool was the following. Motivated by the above, we calculate D(F) modulo 8. Following the work in [5] , we begin with proving the lemma below.
Lemma 2.3
Let F ∈ Z[X ] be a monic polynomial such that F(0) = 1 with α 1 , . . . , α n its roots counted with multiplicity. Then for every X , with absolute value small enough,
Further, notice that for every j and X with small enough absolute value,
and that for X with small enough absolute value,
It follows that for X with small enough absolute value,
and the result follows.
Another useful tool for computing the discriminant of polynomials is the following, see [9, Theorem 1.75]. Theorem 2.4 (Newton's formula) Let F(X ) = X n + F n−1 X n−1 + · · · + F 1 X + F 0 be a polynomial over some field with roots α 1 , . . . , α n , counted with multiplicity and fix some m ∈ Z. Further, for any integer t, define S
where l := min(m, n).
Proof of the main theorem
From now on let s be an even positive integer and n > 3s. Also, set f (X ) := X n + X n−s + X n−2s + X n−3s + 1 ∈ F 2 [X ], the typical class 2 pentanomial, and F(X ) := X n + X n−s + X n−2s + X n−3s
The case when n is even is trivial, since then clearly f is a square in F 2 , hence reducible. So from now on we will additionally assume that n is odd. Also, if α 1 , . . . , α n are the roots of F counted with multiplicity, then for every integer m, set
while one easily verifies that the above, as well as similar expressions, are symmetric expressions of the roots the F. Furthermore, it is well-known that such expressions can be written as polynomials of the elementary symmetric functions with integer coefficients. This means that, since F is monic and has integer coefficients, by Vieta's formulas, the elementary symmetric functions have integer values, which implies that all symmetric expressions of the roots the F with integer coefficients have integer values. Additionally, set
It is clear from Lemma 2.2 that we are interested in computing D(F) modulo 8. Towards this end, we compute n i=1 H (α i ) = n n + n n−1 sS n−s + 2n n−1 sS n−2s + 3n n−1 sS n−3s
for some K ∈ Z, where we note that s is even, hence the terms that include 4s, 2s 2 or s k for k ≥ 3 are divisible by 8, so one can sum them up as 8K . Since n is odd, we have that
Next, we apply Lemma 2.3 on the reciprocal of F and, for small enough X , we get:
In the LHS of the above equation, we observe that the only non-zero coefficients of terms with degree smaller than n have in fact a degree that is a multiple of s, i.e., are even since s is even. This implies that all the terms of odd degree that are smaller than n are zero. In particular, n − ks is odd and strictly smaller than n, hence in the LHS of the equation, the coefficient of X n−ks is zero. It follows that the same holds for the RHS, that is S n−ks = 0.
Now, Eq. (1) yields
Furthermore, since we are only interested in the value of D(F) modulo 8 and since s is even, Eq. (3) implies that for our purposes it suffices to compute T n−s + T n−3s and S 2n−4s modulo 2. First, we observe that
from Eq. (2). Also, by applying Theorem 2.4 for the polynomial in question for m = 2n − 2s and m = 2n − 3s, we get S 2n−2s + S 2n−3s + S 2n−4s + S 2n−5s + S n−2s = 0, and S 2n−3s + S 2n−4s + S 2n−5s + S 2n−6s + S n−3s = 0.
By subtracting the above equations, and with Eq. (2) in mind, we conclude that S 2n−2s = S 2n−6s . This combined with the identity T k = (S 2 k − S 2k )/2 implies T n−s = T n−3s , hence T n−s + T n−3s ≡ 0 (mod 2). The latter, along with Eqs. (3) and (4) yields
This, combined with Lemma. 2.1 gives
The combination of the above with Lemma 2.2 implies the following.
and let t f be the number of irreducible factors of f in F 2 [X ] . Then
Theorem 1.1 is an immediate consequence of Proposition 3.1, once we notice that X n + X 3s + X 2s + X s + 1 ∈ F 2 [X ] and X n + X n−s + X n−2s + X n−3s + 1 ∈ F 2 [X ] are reciprocal to each other, that is they share reducibility and irreducibility.
Concluding remarks
In Theorem 1.1, we proved that all the irreducible polynomials of the form X n + X n−s + X n−2s + X n−3s + 1 ∈ F 2 [X ], with s even, satisfy n ≡ ±1 (mod 8). In order to obtain some insight about the distribution of irreducible polynomials of that form, a computer search was performed with the computer algebra system SageMath. Namely, we did an exhaustive search of all possible values for odd n and even s, for 7 ≤ n < 3000 and a total of 374,250 polynomials were checked for irreducibility. The search revealed that 804 of them are irreducible 1 and the pairs (n, s) that yielded irreducible polynomials are presented in Table 1 .
The results confirm that all 804 class 2 irreducible polynomials satisfy n ≡ ±1 (mod 8). Out of these, roughly half, i.e., 401 out of 804, satisfy n ≡ 1 (mod 8) and the other 403 satisfy n ≡ −1 (mod 8). Another interesting observation is that the Table 1 Pairs (n, s) with 7
≤ n < 3000 and s even, such that X n + X n−s + X n−2s irreducible polynomials seem to be also uniformly distributed among the even values of s modulo 8. In particular, 214 polynomials satisfy s ≡ 2 (mod 8), 188 satisfy s ≡ 4 (mod 8), 198 satisfy s ≡ 6 (mod 8) and the rest 204 satisfy s ≡ 0 (mod 8).
Regarding the frequency of irreducibility within the class 2 pentanomials tested, we have observe that out of the 749 values of n considered (i.e., such that 7 ≤ n ≤ 3000 and n ≡ ±1 (mod 8)), 408 of them yield irreducible polynomials for some s and the other 341 do not. What is more interesting however, is that it seems to be more possible for a class 2 pentanomial with n ≡ ±1 (mod 8) and s even to be irreducible than an arbitrarily chosen binary polynomial of degree n. More precisely, out of the 187,125 class 2 pentanomials with those specifications we tested, 804 turned out to be irreducible, hence we had a frequency ∼ 0.43%. In contrast, the corresponding frequency for an arbitrary binary polynomial of the same degrees is ∼ 0.13%, even if we exclude the obviously reducible polynomials (i.e., those with roots in F 2 ).
An extension of Theorem 1.1 for s odd does not hold, as a quick computer search verifies. Namely, we performed an exhaustive search in the interval 7 ≤ n < 3000, for s odd. We checked 749,996 polynomials for irreducibility and identified 1707 irreducible polynomials. We had a sample roughly double the size compared to the one from our previous test and we found roughly double the number of irreducible polynomials. This suggests that if one excludes the obviously reducible class 2 pentanomials (when n and s are even), then the possibility of the arbitrary class 2 pentanomial to be irreducible is almost the same for both s odd and even. However, after also counting Theorem 1.1 in, we see that one such polynomial with s even and n ≡ ±3 (mod 8) looks more likely to be irreducible than one with s odd, while it is worth mentioning that irreducibility seems to be close to uniformly distributed for different values of (odd) s modulo 8, but we found zero pairs (n, s) with 8 | n and very few with n ≡ 3, 5 (mod 8).
We conclude this note with two final remarks. First, since reducibility implies the lack of primitivity, the pentanomials described in Theorem 1.1 are also non-primitive. A quick computer test suggests that among the irreducible pentanomials of Table 1 , one finds a reasonable number of primitive polynomials without any obvious pattern. Second, we note that class 2 pentanomials share many similarities with equally spaced polynomials, that is polynomials of the form f (X n ) ∈ F 2 [X ]. Such polynomials can also be used to construct low complexity multipliers [14] . It is natural to wonder about connections between the two families or special properties of pentanomials that belong in both families.
